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Abstract
We consider NS-NS superstring model with several “magnetic” parameters bs (s = 1, ..., N)
associated with twists mixing a compact S1 direction with angles in N spatial 2-planes of
flat 10-dimensional space. It generalizes the Kaluza-Klein Melvin model which has single
parameter b. The corresponding U-dual background is a R-R type IIA solution describing
an orthogonal intersection of N flux 7-branes. Like the Melvin model, the NS-NS string
model with N continuous parameters is explicitly solvable; we present its perturbative
spectrum and torus partition function explicitly for the N = 2 case. For generic bs (above
some critical values) there are tachyons in the S1 winding sector. A remarkable feature
of this model is that while in the Melvin N = 1 case all supersymmetry is broken, a
fraction of it may be preserved for N > 1 by making a special choice of the parameters
bs. Such solvable NS-NS models may be viewed as continuous-parameter analogs of non-
compact orbifold models; they and their U-dual R-R fluxbrane counterparts may have
some “phenomenological” applications. In particular, in N = 3 case one finds a special
1/4 supersymmetric R-R 3-brane background. Putting Dp-branes in flat twisted NS-NS
backgrounds leads to world-volume gauge theories with reduced amount of supersymme-
try. We also discuss possible evolution patterns of unstable backgrounds towards stable
supersymmetric ones.
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1. Introduction
Recently, there has been a renewed interest in studying magnetic backgrounds analo-
gous to Melvin fluxtubes (see [1-20]). Such backgrounds continuously interpolate between
tachyonic and tachyon-free non-supersymmetric string vacua. They are also smoothly
connected to the supersymmetric closed string vacua. They provide a simple framework
to study the decay of unstable backgrounds by classical and quantum (non-perturbative)
effects. In particular, one can compute the semiclassical amplitude for a decay of space-
time by instanton effects [5,11] into stable supersymmetric configurations, or study the
instability of type 0A string within the effective field theory and supergravity [14].
The Kaluza-Klein Melvin magnetic fluxtube background [1,5,7] and the corresponding
string theory [4,6] are, in general, non-supersymmetric (except for the “trivial” magnetic
field values bs, when the string theory reduces to the standard flat superstring theory).
Remarkably, the direct generalization of the KKMelvin background to the case with several
magnetic parameters bs (s = 1, ..., N ≤ 4), considered previously at the supergravity level
in [7,16], preserves a fraction of supersymmetry for special choices of bs (this generalizes
the observation made in [13] in the case of N = 2). As we shall demonstrate below, this
produces a supersymmetric model which has N − 1 continuous parameters.
This NS-NS string model combines the simplicity (solvability) with supersymmetry
without imposing a relation between the radius R of the KK direction and the magnetic
bs parameters. For example, the N = 2 model is tachyon-free for any radius only in
the supersymmetric limit b1 = b2, while the 3-parameter model is supersymmetric for
b1 = b2 + b3 (modulo trivial sign changes).
The supersymmetry of special multi-parameter Melvin-type models is related to some
previously known facts. In the case of the rational choice of the twist parameters bsR =
1/ns (R is the KK radius) these models look similar [13,16] (but are not, in fact, equivalent)
to the standard supersymmetric CN/Zn orbifold models (with the N = 2 case discussed
recently in [21]). For generic bsR, the supersymmetric b1 = b2 case of the N = 2 NS-NS
background is U-dual of the supersymmetric R-R type IIA “F5-brane” background of [13]
(see also [16]).
This paper is organized as follows. In section 2 we present the NS-NS superstring
model, and describe the cases where a fraction of supersymmetry is preserved. In section
3 we solve the corresponding conformal string model in terms of free fields, determine the
string mass spectrum and compute the one-loop partition function. As expected, the latter
vanishes in the supersymmetric cases, is finite in the non-tachyonic non-supersymmetric
ones, is trivial and is IR divergent in the cases where tachyons appear in the spectrum.
We discuss the appearance of tachyons, and possible outcomes of evolution of the unstable
1
backgrounds. We also consider a more general curved-space background with parameters
bs, b˜s, which contains as special cases the original flat KK background and its T-dual
counterpart. The corresponding non-trivial NS-NS string model is an exact conformal
field theory to all orders in α′, and is again solvable in terms of free fields.
In section 4 we describe U-dual supersymmetric R-R fluxbrane backgrounds, where
the magnetic field (with fluxes in N different planes) corresponds to the R-R one-form
potential of type IIA supergravity. These “Fp-branes”, with p = 9 − 2N , have proper
interpretation as orthogonal intersections [7] of N F7-branes. The magnetic field param-
eters bs control the strength of supersymmetry breaking, with the supersymmetric limit
being b1 = b2 + ... + bN , for N = 2, 3, 4. In particular, one finds, in addition to the
“F5-brane” with 16 supersymmetries [13], an “F3-brane” with 8 supersymmetries, and an
“F1-brane” with 4 supersymmetries. We argue that non-supersymmetric fluxbrane back-
grounds should decay quantum mechanically via non-perturbative instanton effects into
the stable supersymmetric fluxbranes.
In section 5 we discuss some possible applications, and, in particular, the structure
of the N=2, d = 4 world-volume theory corresponding to the F3-brane. In Appendix we
present supergravity solutions which generalize the standard Dp-branes to the case when
the flat transverse space contains magnetic twists which reduce the amount of world-volume
supersymmetry.
2. The NS-NS superstring model
2.1. Definition of the model and conditions of supersymmetry
The string model we are going to consider is a direct generalization of the KK Melvin
model [6], where the corresponding background [2,5] was a flat space with one compact
coordinate x9 “mixed” with the polar angle of a spatial 2-plane. Namely, let us select N
spatial 2-planes and combine the rotations in them with shifts around the KK circle [7].
The resulting metric is
ds210 = −dt2 + dx2i + dy2 +
N∑
s=1
[
dr2s + r
2
s(dϕs + bsdy)
2
]
, (2.1)
where
y ≡ x9 , i = 2N + 1, ..., 8 , N = 1, 2, 3, 4 ,
x9 ≡ x9 + 2πR , ϕs ≡ ϕs + 2π .
2
Though locally flat, this metric is topologically trivial only if
bsR = ms , ms = 0,±1,±2, ... , s = 1, ..., N . (2.2)
A similar construction can be carried out in eleven dimensions leading, upon dimensional
reduction, to curved 10-d space-time geometries with R-R magnetic flux (see [7,9,13,16]
and section 4).
We will be interested, in particular, in the NS-NS string model defined by the locally
flat 10-d metric (2.1) with N = 2
ds210 = −dt2 + dx2i + dy2 + dr21 + r21(dϕ1 + b1dy)2 + dr22 + r22(dϕ2 + b2dy)2 . (2.3)
Since going around the KK circle x9 is accompanied by the rotation in the two planes
exp[2πi(b1RJ12+ b2RJ34)], the supersymmetry is trivially preserved if the integers m1, m2
in (2.2) are even, i.e. if bsR = 2ns. In this case, the string model is equivalent to the
standard superstring in flat space (the same is obviously true for any N).
Let us now look for the cases when part of supersymmetry may be preserved. Since
the space is flat (and we assume that all other supergravity fields have trivial backgrounds)
the standard Killing spinor condition
(∂µ +
1
4
ωmnµ γmn)ǫ = 0 (2.4)
is equivalent to the condition of existence of residual global symmetry in the Green-Schwarz
string action. We shall follow closely the discussion in [6]. The light-cone gauge GS
Lagrangian takes a very simple form when the background geometry is flat
LGS = LB + LF = Gµν(x)∂+x
µ∂−x
ν + iSRD+SR + iSLD−SL , (2.5)
Da ≡ ∂a + 14ωmnµ γmn∂axµ .
Here SpR,L (p = 1, ..., 8) are the right and left real spinors of SO(8) (we consider type IIA
theory).
To keep the discussion general, let us assume that the spatial part of the bosonic term
in the action has the form (y = x9)
LB = (∂+xm − fmnxn∂+y)(∂−xm − fmkxk∂−y) + ∂+y∂−y , (2.6)
where m,n, k = 1, 2, ..., 2N and fmn is a constant antisymmetric matrix. This may be
interpreted as an action for a set of 2-d scalar fields coupled to a locally-trivial 2-d gauge
potential (Aa)mn = fmn∂ay taking values in the algebra of the SO(2N) rotation group.
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In the simplest N = 1 case we have fmn = bǫmn, m, n = 1, 2. In general, we may choose
the coordinates so that fmn takes a block-diagonal form:
fs,s+1 = −fs+1,s = bs , s = 1, 2, ..., N .
N (which may be 1,2,3 or 4) is the number of 2-planes where fmn has non-zero components.
In the natural vierbein basis (em = dxm − fmnxndy, ey = dy) the spin connection
1-form is ωmn = −fmndy, ωm,y = 0 so that the fermionic part of (2.5) becomes
LF = iSR(∂+ − 14fmnγmn∂+y)SR + iSL(∂− − 14fmnγmn∂−y)SL . (2.7)
To look for a residual global supersymmetry S → S+ ǫ we are thus to solve the zero-mode
(Killing-spinor) equation (2.4) for a space-time spinor ǫ = ǫ(xi, y):
(∂y − 14fmnγmn)ǫ = 0 . (2.8)
The formal solution is
ǫ(y) = exp( 14fmnγmny) ǫ0 , ǫ0 = const . (2.9)
It does not, in general, satisfy the necessary periodic boundary condition in y, ǫ(y+2πR) =
ǫ(y), unless fmn is such that
e
1
2
πRfmnγmnǫ0 = ǫ0 (2.10)
has non-trivial solutions for ǫ0. In the simplest N = 1 case, when fmn has just one
non-zero eigen-value f12 = b, the condition (2.10) becomes exp(πbRγ12)ǫ0 = [cos(πbR) +
γ12 sin(πbR)]ǫ0, so that the supersymmetry is preserved only if bR = 2n. In this case the
model becomes trivial, i.e. equivalent to the flat space superstring.
In the case of N ≥ 2 non-zero eigenvalues of fmn the full supersymmetry is again
trivially preserved if bsR = 2ns (s = 1, ..., N).
1 But now there is also a possibility of
preserving a fraction of supersymmetry without relating R to bs but instead imposing a
condition on bs and choosing a special solution for ǫ0. Indeed, let us look for solutions of
fmnγmnǫ0 = 0 . (2.11)
This problem is isomorphic to the condition of preservation of a fraction of supersymmetry
in (abelian) gauge field theory in 2N dimensions in a magnetic gauge field background,
1 The parameters bs are, in fact, defined modulo shifts by 2ns/R, so non-trivial string models
can be parametrized, e.g., by 0 < bs < 2/R. We shall assume this in what follows.
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i.e. to the condition of vanishing of the gaugino variation. In the case of two non-zero
eigenvalues b1, b2 one finds that 1/2 of supersymmetry is preserved if the configuration is
selfdual b1 = b2 (or anti-selfdual b1 = −b2). Indeed, in this case we get from (2.11)
(γ12 + γ34)ǫ0 = 0 , (2.12)
which is a projector relation
P−ǫ0 = 0 , P+ǫ0 = ǫ0 , P± =
1
2
(1± γ1234) , P+ + P− = 1 . (2.13)
More generally, if we assume that ǫ0 solves (2.12) then the periodicity condition (2.10)
becomes
eπR(b1−b2)γ12ǫ0 = ǫ0 , (2.14)
so that supersymmetry – a y-periodic Killing spinor – exists if
R(b1 − b2) = 2n = 0,±2,±4, ... . (2.15)
Under the assumption 0 < Rbs < 2 that leaves us with R(b1 − b2) = 0, i.e. b1 = b2 as the
only non-trivial option. In this case 1/2 of 32 original supersymmetries is preserved.
For three non-zero eigen-values (twists in three planes) we get from (2.11) the following
condition (multiplying by γ12)
(1− b2
b1
γ1234 − b3
b1
γ1256)ǫ0 = 0 . (2.16)
While the operator here is never a projector, this equation can be satisfied if we set, e.g.,
b1 = b2 + b3 , (2.17)
and impose the following two conditions (two copies of the “self-duality” conditions that
are realized by projectors)
(γ12 + γ34)ǫ0 = 0 , (γ12 + γ56)ǫ0 = 0 . (2.18)
Other possibilities are obviously equivalent to this one by changing signs and renaming
the parameters. The resulting solution preserves 1/4 of supersymmetry.2 More general
solutions are obtained by imposing (2.18) and then solving the periodicity condition (2.10):
eπR(b1−b2−b3)γ12 ǫ0 = ǫ0, i.e.
R(b1 − b2 − b3) = 2n = 0,±2,±4, ... . (2.19)
2 Related gauge field configuration appears in SYM theory on a 6-torus (see e.g. [22]).
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By virtue of the periodicity in bs (bs ≡ bs + 2nsR−1), the resulting theory is equivalent to
the one with bs related by (2.17).
Let us note that for bs in the “fundamental domain” 0 < Rbs < 2, the condition (2.19)
is formally solved not only by (2.17), but also by
R(b1 − b2 − b3) = −2 . (2.20)
While the resulting string theory is equivalent, as mentioned above, to the one defined by
(2.17), here the Killing spinor has a non-trivial dependence on y, i.e. is not constant along
the KK direction. This implies that upon dimensional reduction in y or T-duality in y
the supersymmetry will not be preserved at the supergravity level (but will of course be
preserved at the level of the perturbative string theory).3
We conclude that in the case of the two and more twist parameters it is possible
to preserve a fraction of supersymmetry without imposing a relation between the KK
radius R and the twists. The resulting non-compact NS-NS string models with continuous
parameters provide a simple laboratory for study of issues of supersymmetry breaking and
tachyons in closed string theory.
In the special case of rational parameters, e.g., bsR = 1/ns, these models look similar
[3,13,16] to the non-compact orbifold models or strings on the cone [24]. Indeed, in the
N = 1 case the coordinate ϕ′ = ϕ + by in (2.1) becomes 2π/n periodic. Introducing the
new 2π-periodic coordinates ϕ˜ = nϕ′ and the new 2πR periodic coordinate y˜ = Rϕ one
finds that the metric becomes
ds210 = −dt2 + dx2i + n2(dy˜ −
1
n
dϕ˜)2 + dr2 +
r2
n2
dϕ˜2 . (2.21)
The 2-plane part of this metric is indeed a metric of a cone, but in addition there is a
non-vanishing KK vector. Thus the metric cannot be represented as a direct product of
a cone and a circle, and its non-trivial 3-d part is, in fact, non-singular (the metric (2.1)
has no conical singularities for any bsR). As a result, the corresponding string model
(in particular, its spectrum) is not equivalent to the one for the direct product of an
orbifold C/Zn and a circle S
1. There is, however, a close similarity, in particular regarding
instabilities and the presence of supersymmetry for N > 1 for a special choice of ns. For
example, in theN = 2 case the C2/(Zn1×Zn2) orbifold is also supersymmetric if n1 = ±n2,
i.e. b1 = ±b2 [21,13].
3 In the case of reduction from 11 to 10 dimensions one again will have loss of supersymmetry
at the level of supergravity (and, in this case, also at the level of perturbative string theory in
the corresponding R-R background). However, supersymmetry which is present in the full 11-
d (membrane) theory should be restored in the 10-d string theory once non-perturbative string
states are taken into account (see [23] for a related discussion).
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3. Solution of the (b1, b2) NS-NS string model
3.1. Free field representation
It is possible to express the bosonic xm and fermionic SL,R coordinates in (2.6),(2.7)
terms of free fields. For simplicity, we shall explicitly consider the case of the two non-zero
eigenvalues b1 = f12, b2 = f34. The Lorentz group SO(8) is then broken to:
SO(8)→ SO(4)× SO(2)× SO(2) ,
where the two factors SO(2) represent rotations in the 1-2 and 3-4 plane, respectively.
Fermion representations decompose as follows:
SR = ψ++R ⊕ ψ¯−−R ⊕ ψ+−R ⊕ ψ¯−+R ,
8R → (2R, 12 , 12)⊕ (2¯R,−12 ,−12)⊕ (2R, 12 ,−12 )⊕ (2¯R,−12 , 12 )
and the same for SL. The bosonic and fermionic parts of the GS lagrangian (2.6),(2.7)
take the form:
LB = ∂+xi∂−xi + (∂+ + ib1∂+y)z1 (∂− − ib1∂−y)z∗1 ,
+ (∂+ + ib2∂+y)z2 (∂− − ib2∂−y)z∗2 + ∂+y∂−y , (3.1)
z1 ≡ x1 + ix2 , z2 ≡ x3 + ix4 ,
and
LF = iψ¯
−−
R [∂+ +
1
2 i(b1 + b2)∂+y]ψ
++
R + iψ¯
−+
R [∂+ +
1
2 i(b1 − b2)∂+y]ψ+−R
+ iψ¯−−L [∂− +
1
2 i(b1 + b2)∂−y]ψ
++
L + iψ¯
−+
L [∂− +
1
2 i(b1 − b2)∂−y]ψ+−L . (3.2)
The Lagrangian can be written in terms of redefined bosons and fermions which are free
fields
z1 = e
ib1yZ1 , z2 = e
ib2yZ2 ,
Z1(σ + π) = e
2iπb1wRZ1(σ) , Z2(σ + π) = e
2iπb2wRZ2(σ) ,
ψ++R = e
− i
2
(b1+b2)yψ++0R , ψ
++
0R (σ + π) = e
iπwR(b1+b2)ψ++0R (σ) , etc., (3.3)
where w is the winding number in the y direction.
From these equations it is easy to see why the case of b1 = b2 (or b1 = −b2) is su-
persymmetric. Then the fermions ψ+−R,L and ψ¯
−+
R,L are decoupled from y, i.e. are free fields
that do not transform under y → y + 2πR. There are four free Weyl fermions with non-
trivial periodicity: ψ++0L , ψ
++
0R , ψ¯
−−
0L , ψ¯
−−
0R . But they have the same boundary conditions
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as the bosonic degrees of freedom Z1L, Z1R, Z2L, Z2R. Thus, for every fermionic degree of
freedom, there is a bosonic degree of freedom with the same periodicity. This 2-d super-
symmetry is correlated with the space-time one in the light-cone gauge GS description.
An interesting special case is when b1 = b2 = R
−1(n+ 12 ). Here there are free fermions
obeying antiperiodic boundary conditions in y = x9 in the odd winding number sector,
but at the same time the supersymmetry is preserved since there are also antiperiodic
free bosons Z1, Z2.
4 Note that for a generic value of b1 = b2 this model is not equivalent
to the standard (periodic or antiperiodic) free superstring theory in flat space. The non-
triviality of the model expressed in terms of the free fields is caused by the special boundary
conditions.5
3.2. Mass spectrum
This superstring model can be solved by a simple generalization of the discussion in
the case of b1 6= 0, b2 = 0 in [6]. Let NˆR and NˆL denote the number of states operators,
which have the same form as in the free superstring theory. They have integer non-negative
eigenvalues in the GS description, while in the NSR approach they are expressed in terms
of normal-ordered operators as
NˆR,L = NR,L − a , a(R) = 0 , a(NS) = 12 . (3.4)
Let us introduce the angular momentum operators Jˆ1 ≡ Jˆ12 and Jˆ2 ≡ Jˆ34, which generate
rotations in the respective 2-planes (shifts in ϕ1 and ϕ2 in (2.3)). They can be written as
Jˆs = JˆsL + JˆsR , JˆsL = lsL +
1
2 + SsL , JˆsR = −lsR − 12 + SsR , s = 1, 2 , (3.5)
where the orbital momenta in each plane lL,R = 0, 1, 2, ... are related to the Landau
quantum number l and the radial quantum number k by l = lL− lR and 2k = lL+ lR−|l|,
and SsR,L are the spin components. In the NS-NS sector, their possible values satisfy the
condition
|S1R ± S2R| ≤ NˆR + 1 , |S1L ± S2L| ≤ NˆL + 1 .
The mass spectrum is given by (cf. [6])
α′M2 = 2(NˆR + NˆL) +
α′
R2
(m− b1RJˆ1 − b2RJˆ2)2
4 The physical fermion and boson coordinates in (3.1) and (3.2) do not of course transform
under shifts of x9.
5 This class of models is closely related to the to the Scherk-Schwarz type compactifications in
string theory [25,26].
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+
R2w2
α′
− 2γˆ1(Jˆ1R − Jˆ1L)− 2γˆ2(Jˆ2R − Jˆ2L) , (3.6)
where
NˆR − NˆL = mw , γˆ ≡ γ − [γ] , γ1 ≡ b1Rw , γ2 ≡ b2Rw . (3.7)
[γ] denotes the integer part of γ (so that 0 ≤ γˆ < 1).
In a generic magnetic background, one expects that all supersymmetries will be broken
since fermions and bosons get different mass shifts: the gyromagnetic interaction is pro-
portional to bsJs, which is indeed different for fermions and bosons. The supersymmetry
in the case of b1 = b2 is due to a compensation between the two gyromagnetic contribu-
tions corresponding to the two 2-planes. Let us consider, as an illustration, the fermion
and boson states with the winding number w = 0, K-K charge m, and JˆF1,2 =
1
2 , Jˆ
B
1 = 1,
JˆB2 = 0. They have the same mass at zero magnetic parameters b1 = b2 = 0, and there is
a mass splitting for generic b1, b2, proportional to
δM2 = (b1 − b2)
[m
R
− 14 (3b1 + b2)
]
.
It vanishes in the supersymmetric case b1 = b2. As discussed above, the case b1 = −b2
is also supersymmetric (giving equivalent CFT related by the redefinition ϕ2 → −ϕ2).
In this case, the superpartner of the fermion with JˆF1,2 =
1
2 is the boson with Jˆ
B
1 = −1,
JˆB2 = 0.
3.3. Partition function
It is easy to compute the partition function in the GS formulation following the dis-
cussion in [6]. We first expand y in eigenvalues of the Laplacian on the 2-torus and redefine
the fields z1, z
∗
1 , z2, z
∗
2 and ψ
+±
R,L, ψ¯
−∓
R,L to eliminate the non-zero-mode part of y from the
U(1) connection. The zero-mode part of y on the torus (ds2 = |dσ1 + τdσ2|2, τ =
τ1 + iτ2, 0 < σa ≤ 1) is y∗ = y0 + 2πR(wσ1 + w′σ2), where w,w′ are integer winding
numbers. Integrating over the bosonic anf fermionic fields we get a ratio of determinants
of scalar operators of the type ∂+ iA, ∂¯− iA¯ (∂ = 1
2
(∂2−τ∂1)) with constant connections
As = bs∂y∗ = πχs, A¯s = bs∂¯y∗ = πχ¯s , (3.8)
χs ≡ bsR(w′ − τw), χ¯s ≡ bsR(w′ − τ¯w) , s = 1, 2 .
The final expression for the partition function takes the following simple form
Z(R, b1, b2) = cV5R
∫
d2τ
τ22
∞∑
w,w′=−∞
exp
(− π
α′τ2
R2|w′ − τw|2) Z0(τ, τ¯ ;χs, χ¯s)
9
× Y
2
(
τ, τ¯ ; 12(χ1 + χ2),
1
2 (χ¯1 + χ¯2)
)
Y 2
(
τ, τ¯ ; 12 (χ1 − χ2), 12(χ¯1 − χ¯2)
)
Y (τ, τ¯ ;χ1, χ¯1)Y (τ, τ¯ ;χ2, χ¯2)
. (3.9)
Here
Y (τ, τ¯ ;χ, χ¯) ≡ det
′(∂ + iπχ) det′(∂¯ − iπχ¯)
det′∂ det′∂¯
=
U(τ, τ¯ ;χ, χ¯)
U(τ, τ¯ ; 0, 0)
, (3.10)
U(τ, τ¯ ;χ, χ¯) ≡
∏
(n,n′)6=(0,0)
(n′ − τn+ χ)(n′ − τ¯n+ χ¯) , (3.11)
where, in the determinants, we have projected out the zero modes appearing at χ = χ¯ = 0
(i.e. Y (τ, τ¯ ; 0, 0) = 1). The equivalent form of Y is
Y (τ, τ¯ ;χ, χ¯) = exp[
π(χ− χ¯)2
2τ2
]
θ1(χ|τ)
χθ′1(0|τ)
θ1(χ¯|τ¯)
χ¯θ′1(0|τ¯)
=
∣∣∣∣
θ
[ 1
2 + bRw
1
2 + bRw
′
]
(0|τ)
bR(w′ − τw)θ′1(0|τ)
∣∣∣∣
2
, (3.12)
where θ1(χ|τ) = θ
[
1
2
1
2
]
(χ|τ). In particular,
Y
(
τ, τ¯ ; 12 (χ1 + χ2),
1
2 (χ¯1 + χ¯2)
)
=
∣∣∣∣
θ
[ 1
2
+ 1
2
(b1 + b2)Rw
1
2 +
1
2 (b1 + b2)Rw
′
]
(0|τ)
1
2 (b1 + b2)R(w
′ − τw)θ′1(0|τ)
∣∣∣∣
2
. (3.13)
The factor Z0 in (3.9) stands for the contributions of the integrals over the constant parts
of the fields z1,2, z
∗
1,2 and ψR,L, ψ¯R,L (i.e. the contributions of (n, n
′) = (0, 0) terms in
the determinants)
Z0 = τ−22 2−8R4|w′ − τw|4
(b1 + b2)
4(b1 − b2)4
b21b
2
2
. (3.14)
Note that the full integrand of Z is modular invariant since the transformation of τ can
be combined with a redefinition of w,w′ (so that, e.g., Z0 and Y remain invariant).
As expected, the partition function vanishes in the supersymmetric limit b1 = b2 or
b1 = −b2. More generally, due to the periodicity in b1R and b2R,
Z(R, b1, b2) = Z(R, b1 + 2n1R
−1, b2 + 2n2R
−1) , n1, n2 = 0,±1, ... , (3.15)
it vanishes also at b1±b2 = 2nR−1 (these points are zeroes of the theta-functions appearing
in the numerator of (3.9)). The divergence at b1,2 → 0 (see eq. (3.14)) corresponds to the
restoration of translational invariance in the 1-2 and 3-4 planes in the zero magnetic field
limit. This divergence reproduces the factors of areas of the 2-planes. If both b1, b2 → 0,
the divergence is cancelled against the fermion factors in the numerators, so that Z also
vanishes, as it should in the supersymmetric zero-field limit.
Z is infrared-divergent for those values of the parameters b1, b2 and R for which there
are tachyonic states in the spectrum. This is seen by Poisson resummation in w′ and
expansion of the integrand of (3.9) at large τ2 as in [4]. The integral over τ2 in each term
in the sum diverges at large τ2 in the presence of tachyons, and is finite when tachyons are
absent.
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3.4. Tachyonic states, T-dual background and its possible evolution
Let us discuss the tachyonic states in this model for non-vanishing b1, b2. Without
loss of generality, we can assume b1 ≥ b2 > 0. As in [6], the state with lowest value for M2
is a particular spin 2 winding state with
NˆR = NˆL = 0 , w = 1 , m = 0 , l1L,R = l2L,R = 0 ,
S1R = −S1L = 1 , S2R = S2L = 0 , (3.16)
so that Jˆ1 = Jˆ2 = 0, Jˆ1R − Jˆ1L = 1, Jˆ2R − Jˆ2L = −1. Its mass (see (3.6))
M2 =
R2
α′2
− 2R
α′
(b1 − b2) (3.17)
becomes tachyonic for
b1 − b2 > R
2α′
. (3.18)
The negative contribution to M2 originates from the gyromagnetic interactions in (3.6)
depending on non-zero winding number.6
The theory with b1 = b2 (or b1 = −b2) is tachyon-free for any radius R. This is in
agreement with the above discussion implying the presence of partial unbroken supersym-
metry for b1 = ±b2.
The non-supersymmetric string models with R ≥ 2α′(b1 − b2) are also tachyon-free.
It is easy to show that the integral over τ2 in the one-loop partition function (3.9) is finite
in this case, for each term in the sum.
An important question is how the string background reacts to the presence of tachyons.
To address this problem, it is useful to consider the T-dual string model, where the tachyon
has the same quantum numbers as in (3.16), except for interchanged winding and momen-
tum numbers, i.e. w = 0 and m = 1. Since the tachyon (3.16) now appears not in the
winding but in the momentum sector, it is a state of the supergravity multiplet. That
means that, as in the 1-parameter case discussed in [14], here the instability can be seen
directly at the level of the supergravity equations expanded near the T-dual background.
6 As follows from the discussion of the solution of the tachyon equation in [4,6,14] the tachyon
wave function in the N = 1 Melvin model is localized (with finite width related to γ = bRw)
near r = 0. The same will be true for N > 1 models. This is similar to localization of tachyons
at fixed planes in orbifold models. Another analogy is that here the tachyonic states must have
non-zero S1 winding number and spin in a 2-plane while the tachyons in orbifold models appear
in the twisted sector.
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Above some critical radius, the space-time background becomes unstable under the tachy-
onic perturbations of the supergravity fields.
Applying T-duality in the y = x9 direction to (2.3) gives the following T-dual back-
ground (string-frame metric, dilaton, and NS-NS 2-form)7
ds210 = −dt2+dx2i +dr21+dr22+r21dϕ21+r22dϕ22+f−1
[
dy2−(b˜1r21dϕ1+ b˜2r22dϕ2)2
]
, (3.19)
e2(φ−φ0) = f−1 , B2 = f
−1
(
b˜1r
2
1dϕ1 + b˜2r
2
2dϕ2
) ∧ dy , (3.20)
f ≡ 1 + b˜21r21 + b˜22r22 .
Here, for convenience, we have renamed (b1, b2) → (b˜1, b˜2). The counterpart of the state
(3.17) has the mass (R→ R˜ = α′R )
M2 =
1
R2
− 2
R
(b˜1 − b˜2) . (3.21)
Thus this background is unstable for R > Rcr, Rcr =
(
2b˜1 − 2b˜2
)−1
.
Consider now the case in which the magnetic field is b˜1 = b˜2 +
1
2R + ǫ, ǫ > 0. For
small ǫ, the only tachyonic state is the first Kaluza-Klein mode with m = 1 and mass
(3.21). The corresponding perturbation of the background (3.19),(3.20), as a solution of
the linearized supergravity equations, will then grow exponentially with time. The explicit
form of this tachyonic perturbation mode gives an indication (at least to linear order)
of the evolution of the geometry from the unstable state. Having m = 1 and vanishing
orbital angular momenta (see (3.16)), the spatial dependence of the unstable mode is of
the form f(r1, r2) cos
y
R . Since the tachyonic state has S1R, S1L 6= 0, the perturbation will
modify the metric and the antisymmetric tensor in their parts corresponding to the 2-plane
(r1, ϕ1).
This suggests that the background (3.19),(3.20) will be evolving towards a new solution
which is not translational invariant in y = x9. There is some similarity with the fate of the
well-known instability [27] of the black string solution. The latter background (which, like
(3.19), has translational isometry in x9) becomes unstable for some R > R0, and seems to
evolve into a configuration which is no longer translationally invariant in x9 [28].
To try to check this conjecture, one is to generalize (3.19),(3.20) to include time
dependence (in particular, making the effective b˜s parameters “run” with time). It would
be interesting to find the explicit solution for the end-point of the evolution. The resulting
7 Note that this solution has regular curvature and the dilaton can be made small everywhere.
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background should be stable at the supergravity level, but may still be unstable at the full
quantum string theory level.
In general, non-supersymmetric string models that are stable (non-tachyonic) at the
classical level may become unstable at the quantum string level. For example, the tachyon-
free string background with R ≥ 2α′(b1 − b2), b1 6= ±b2 may decay due to quantum-
mechanical effects. Since the physical mechanism for the decay here is different from the
one discussed above the final state of the evolution may also be different. If initially
b1 is very close to b2, then it is natural to expect that this model will evolve towards
a (quantum-mechanically) stable supersymmetric model with b′1 = b
′
2 < min(b1, b2) (see
related discussion in section 4). 8
3.5. Four-parameter generalization
As in the N = 1 case [6], the T-dual string model based on (3.19),(3.20) admits a
straightforward generalization: introducing two extra parameters into (3.19), (3.20) by
the locally trivial transformation ϕs → ϕs + bsx9 we get a string model that depends on
the four magnetic parameters (b1, b2, b˜1, b˜2) (as well as R). The corresponding σ-model
Lagrangian is then given by
L = ∂+xi∂−xi + ∂+r1∂−r1 + ∂+r2∂−r2 + r
2
1∂+ϕ
′
1∂−ϕ
′
1 + r
2
2∂+ϕ
′
2∂−ϕ
′
2
+ f−1
[
∂+y∂−y − (b˜1r21∂+ϕ′1 + b˜2r22∂+ϕ′2)(b˜1r21∂−ϕ′1 + b˜2r22∂−ϕ′2)
]
(3.22)
+ f−1
[
b˜1r
2
1(∂+ϕ
′
1∂−y − ∂−ϕ′1∂+y) + b˜2r22(∂+ϕ′2∂−y − ∂−ϕ′2∂+y)
]
+R(φ0 − 12 ln f) ,
ϕ′1 ≡ ϕ1 + b1y , ϕ′2 ≡ ϕ2 + b2y , y = x9 ≡ x9 + 2πR .
This four-parameter model is exactly solvable, despite its complicated curved-space geom-
etry. The computation of its spectrum can be done by a simple generalization of the case
b2 = b˜2 = 0 considered in [6] and the b˜1 = b˜2 = 0 case in (3.6)–(3.7). One finds (cf. (3.6))
α′M2 = 2(NˆR + NˆL) +
α′
R2
(m− b1RJˆ1 − b2RJˆ2)2
+
α′
R˜2
(w − b˜1R˜Jˆ1 − b˜2R˜Jˆ2)2 − 2γˆ1(Jˆ1R − Jˆ1L)− 2γˆ2(Jˆ2R − Jˆ2L) , (3.23)
NˆR − NˆL = mw , R˜ = α
′
R
, γˆs ≡ γs − [γs] ,
8 In the special case of rational bsR = 1/ns, when the model becomes similar to the orbifold
model, this is analogous to the picture suggested in [21]: a non-supersymmetric n1 6= ±n2 unstable
C2/Zm orbifold should decay into the supersymmetric one (see also [20]).
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γ1 ≡ b1Rw + b˜1R˜m− α′b˜1bsJˆs , γ2 ≡ b2Rw + b˜2R˜m− α′b˜2bsJˆs .
It is possible also to compute the partition function, following the methods of [6].9 A
close inspection of the spectrum shows that it is supersymmetric in the case when b1 = b2,
b˜1 = b˜2 (or b1 = −b2, b˜1 = −b˜2). Special cases are b˜1 = b˜2 = 0 or b1 = b2 = 0 when this
model reduces to the N = 2 Melvin model with b1 = ±b2 or to its T-dual (3.19), (3.20)
with b˜1 = ±b˜2.
4. Supersymmetric R-R vector fluxbrane backgrounds
4.1. Supersymmetry
Starting with the background (2.1) (or (2.3) and its T-dual (3.19),(3.20)) we may now
construct other related solutions by applying U-duality. An equivalent procedure is to
start with the same flat background in d = 11, with the KK coordinate y now interpreted
as x11, and obtain type IIA magnetic R-R flux tube backgrounds by reducing along x11.
This will give an N -parameter generalization of the R-R flux 7-brane [7,9].
Let us first discuss the issue of supersymmetry of the resulting solutions on the example
of the 2-parameter case. The background described by the locally flat metric (2.3) is
obviously 1/2 supersymmetric for b1 = b2 as a solution of 11-d supergravity: the condition
of existence of Killing spinors in d = 11 is the same (2.9)–(2.10) as in d = 10. The
supersymmetry should of course be preserved at the full M-theory (membrane theory)
level, but it might be broken by the 11→ 10 reduction if one restricts consideration to the
10-d supergravity (or perturbative 10-d string theory) states only. The necessary condition
for preserving the supersymmetry at the supergravity level is that Killing spinors should
be constant along the direction of compactification.10 In other words, the supercharges
that are preserved by the reduction form a subset of those of the original solution that
commute with translations along the KK direction.
As discussed in section 2, in the case of b1 = b2 in N = 2 model (and in similar
N > 2 cases like (2.17)) the Killing spinors are actually constant, i.e. do not depend on y.
That means that all of the 16 supersymmetries of the 11-d solution must be present in the
9 This was recently done in [20] which appeared after the completion of the present work.
10 More precisely, the number of supersymmetries preserved upon reduction of a supersymmetric
solution is equal to the number of Killing spinors which have vanishing Lie derivative along the
direction of reduction (see [29] and references there for a discussion and examples).
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resulting type IIA solution.11 From the 10-d supergravity perspective, the supersymmetry
condition b1 = ±b2 should arise from solving the type IIA Killing spinor equation in the
corresponding curved R-R background.
This is no longer so in other possible 11-d supersymmetric cases (like (2.20)) where
there is a relation between the bs-parameters and R: there the Killing spinor depends
on y and the supersymmetry will be broken at the supergravity level by the dimensional
reduction. The simplest example is provided by the special 1-parameter case b1R = 2,
b2 = 0 [9]. Here the 11-d space is globally flat (ϕ
′
1 = ϕ1+by is a globally defined 2π-periodic
coordinate), i.e. the 11-d theory is equivalent to the flat M-theory with 32 supersymmetries.
However, the resulting 10-d background is non-trivial and non-supersymmetric (both at the
level of type IIA supergravity and the perturbative string theory in the corresponding R-R
background [9]). It is only after the non-perturbative (wound membrane) M-theory states
are taken into account, this theory should regain supersymmetry and become equivalent to
the standard maximally supersymmetric type IIA string or M-theory in flat background.
4.2. General form of the solutions
Let us start with the d = 11 analog of (2.1), i.e. a d = 11 Minkowski spacetime
with twists in N = 1, 2, 3, 4 orthogonal spatial planes and y ≡ x11 (n = 2N + 1, ..., 9,
s = 1, ..., N)
ds211 = −dt2 + dx2n + dx211 +
N∑
s=1
[dr2s + r
2
s(dϕs + bsdx11)
2] . (4.1)
Being locally flat, this is an exact solution of 11-d supergravity and also of M-theory.
Dimensional reduction in the x11 direction gives the following string-frame type IIA metric,
dilaton φ and R-R vector 1-form A [7,16]
ds210A = f
1/2
[
− dt2 + dx2n +
N∑
s=1
(dr2s + r
2
sdϕ
2
s)− f−1(
N∑
s=1
bsr
2
sdϕs)
2
]
(4.2)
e2(φ−φ0) = f3/2 , A = f−1
N∑
s=1
bsr
2
sdϕs , f = 1 +
N∑
s=1
b2sr
2
s . (4.3)
11 It should be straightforward to construct the GS string action in the corresponding R-R back-
ground in IIA theory by using the same method as in [9], i.e. by starting with the corresponding
supermembrane action in flat 11-d background. The existence of a residual global supersymmetry
of the resulting GS action would then imply supersymmetry and thus stability of the magnetic
R-R fluxbrane background.
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This background may be interpreted as representing an orthogonal intersections of N
individual R-R F7-branes [7,9].
A supersymmetric solution preserving 1
2N−1
(N > 1) fraction of maximal supersym-
metry (i.e. having 26−N real supersymmetries) is obtained by demanding 12
b1 = b2 + ...+ bN .
This gives, in particular, a two-parameter family of three intersecting F7-branes, or a
three-parameter family of four intersecting F7-branes.13
The simplest non-trivial case of (4.2),(4.3) is N = 2, or explicitly
ds210A = f
1/2(−dt2+dx2n+dr21+dr22+r21dϕ21+r22dϕ22)−f−1/2(b1r21dϕ1+b2r22dϕ2)2 , (4.4)
e2(φ−φ0) = f3/2 , A = f−1
(
b1r
2
1dϕ1 + b2r
2
2dϕ2
)
, f = 1 + b21r
2
1 + b
2
2r
2
2 . (4.5)
This 10-d background may be interpreted as describing an orthogonal intersection of the
two R-R flux 7-branes (as expected for a localized intersection of two branes, this solution
does not have radial symmetry in 4 common transverse directions). The 10-d description
is valid for sufficiently small values of r1, r2 and b1R, b2R. This solution is related to the
NS-NS type IIA background (2.3) (or its T -dual (3.19),(3.20)) by U-duality, i.e. by the
T9ST9 sequence of duality transformations (which produces the “9-11 flip”).
As discussed above, since the Killing spinor corresponding to (2.3) is constant in the
b1 = b2 case, the supersymmetry is preserved by the duality, so the dual b1 = b2 R-R
background is also 1/2 supersymmetric. Its explicit form is
ds2 = f1/2
(− dt2 + dx2n + dr21 + dr22 + r21dϕ21 + r22dϕ22)− b2f−1/2(r21dϕ1 + r22dϕ2)2 , (4.6)
e2(φ−φ0) = f3/2 , A = bf−1
(
r21dϕ1 + r
2
2dϕ2
)
, f = 1 + b2(r21 + r
2
2) . (4.7)
This solution is, in fact, equivalent to the supersymmetric “F5-brane” of [13]: the two
backgrounds are related by the following coordinate transformation:
r1 = r cos θ , r2 = r sin θ , ϕ1 = φ˜+ ψ , ϕ2 = φ˜− ψ . (4.8)
Since this solution has F2 fluxes through two orthogonal planes (rather than F4 flux) its
more appropriate interpretation is that of two intersecting R-R F7-branes of equal fluxes.
By applying T9ST9 duality to the 4-parameter background in (3.22) (or to its obvious
2N parameter generalization) one obtains more general fluxbrane intersections which, in
addition to the R-R 1-form potential, have non-trivial NS-NS 2-form field.
12 As already mentioned above, choices of other signs of bs give equivalent solutions related by
ϕs → −ϕs.
13 One may also consider the case of N = 5 with x11 = y (and one of the angles playing the
role of Euclidean time). The corresponding type IIA background may be interpreted as “F(-1)
brane”.
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4.3. Classical and quantum (non-perturbative) instabilities
Let us now discuss stability of non-supersymmetric F7-brane intersections, and pos-
sible fate of the unstable backgrounds. In order to make use of the discussion of the dual
NS-NS model, let us assume that x9 (one of the xn coordinates in (4.2)) is periodic with
radius R9, so that the R-R (4.2),(4.3) and the NS-NS (2.1) backgrounds may be related
through the “9-11” flip in 11 dimensions. The presence and nature of instabilities (clas-
sical or quantum) as well as the final state of evolution of an unstable background may
depend on the values of the string coupling (or R11) and the radius R9. For example,
the NS-NS background (2.3) is stable classically as a supergravity solution for large R9,
but for R9 <
√
α′ the theory is more appropriately represented by the T-dual background
(3.19),(3.20), which is classically unstable (for certain values of the magnetic field param-
eters, see section 3.4) as a supergravity solution. In what follows, we will assume that the
string coupling is small, i.e. R11 ≪ lP .
Let us first consider the issue of classical instabilities of the above R-R backgrounds at
the supergravity level. A supergravity solution is stable if there are no tachyonic modes in
the field equations expanded near the corresponding background. The NS-NS background
(2.1) is stable at the supergravity level, in both d = 10 and d = 11 theories. In d =
10 this can be seen directly from the spectrum of the NS-NS string model in section 3
which contains no tachyons in the zero-winding sector, i.e. (as in the N = 1 case [6,14])
there are no tachyonic states among the supergravity fluctuation modes for any value of
the magnetic field. As a result, the F7-brane intersections that arise by the 11 → 10
dimensional reduction must also be stable (the 10-d supergravity modes are a subset of
the 11-d supergravity modes, none of which is tachyonic).
Note that the fact that, e.g., the N = 2 R-R solution (4.4),(4.5) is U-dual to (2.3)
(which is stable at the supergravity level) is not a priori sufficient to argue for the stability of
the former background.14 Instead, we use that since (2.3) is stable as a 10-d supergravity
solution, its direct lift to 11 dimensions (4.1) should also be a stable 11-d supergravity
background.15 The R-R background is then a different 10-d reduction of the same stable
11-d background.
14 For example, (4.4) is U-dual also to the background (3.19) which, for a certain values of
parameters, is unstable at the d = 10 supergravity level. Here the instability is developing in the
compact isometry direction and thus is “overlooked” by the T-(or U-) duality argument (though
T − duality is a symmetry of the supergravity equations, it applies only in the presence of an
isometry, while fluctuations may depend on the isometry direction).
15 By the same logic, its reduction to 9 dimensions should be giving a stable 9-d solution.
Indeed, it leads to the KK Melvin 9-d background which is known to be stable at the gravity
level.
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There is, however, a potential tachyonic instability of the flat 11-d space (4.1) with
b1 6= b2+...+bN at the full M-theory level. Indeed, we know that the subsector of M-theory
representing the perturbative type IIA strings in the 10-d background (2.1) is unstable in
the winding string sector for certain values of the magnetic parameters. From the 11-d
perspective, the instability is due to special winding membrane states. For example, in
the N = 2 case such state is a counterpart of the winding string mode (3.16). Written in
terms of 11-d parameters, its mass (3.17) is
M2 = (4π2wR9R11T2)
2 − 8π2R9R11T2(b1 − b2) , (4.9)
where T2 = (2πl
3
P )
−1 is the membrane tension. This means that type IIA string theory
in the R-R background (4.4),(4.5) should also be unstable at a non-perturbative level in
a certain range of the parameters b1 − b2, R9, R11 (eq.(4.9) is applicable for R9 ≪ lP or
R11 ≪ lP ).
In the case of the direct 11-d lift of the T-dual background (3.19),(3.20) the counterpart
of the winding membrane state is a mode of the supergravity multiplet. In this case the
presence of a tachyonic instability (and possible evolution of the unstable background) can
be studied by using simply the 11-d supergravity equations (see also [14]).
Let us now comment on possible quantum instabilities. The physical phenomenon
leading to quantum decay of F7-brane configurations is the KK monopole (D6-brane) pair
production in the magnetic field [30,2,5]. For the single magnetic field parameter bs = b
(N = 1), the semiclassical instanton amplitude was discussed in [5,11] , and is of order e−I ,
where I ∼ V6κ−210 Rb−1. In the case of intersection of N F7-branes with generic parameters
bs [7] the production of monopoles should be at the expense of the magnetic energy density
proportional to
∑
s b
2
s. It is natural to expect that due to pair creation the values of bs
should decrease (in general, at different rates), and the process should not stop until the
background “rolls down” to one of the supersymmetric configurations with
∑
s±bs = 0.
When that happens, the instanton amplitude should vanish identically due to the presence
of fermionic zero modes in the supersymmetric background.16
As was mentioned in section 3, which particular supersymmetric vacuum is reached
should depend on initial values of the magnetic parameters bs. For example, the initial
configuration with b1 = b2 + ǫ, |ǫ| ≪ 1 should evolve into the one with b1 = b2, while the
configuration with b1 = ǫ, b2 ≫ b1 may roll down to the trivial b1 = b2 = 0 vacuum.
16 Since the presence of supersymmetry for special values of bs was not noticed in [7], it was
assumed that these intersecting fluxbrane backgrounds should always decay non-perturbatively.
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5. Concluding remarks
We have seen that there is a novel type of R-R brane backgrounds preserving fractions
of supersymmetries which are closely related (U-dual) to simple solvable NS-NS string
models with continuous parameters. One interesting application of these backgrounds is
to the study of the evolution of instabilities in closed string theory. As emphasized in
the previous sections, in some related (T-dual, section 3.4) models the tachyons appear at
the supergravity level, so the problem of decay of due to closed string tachyons may be
effectively addressed by solving time-dependent supergravity equations of motion.17 We
have argued that non-supersymmetric, but tachyon-free, backgrounds should decay into
stable supersymmetric ones with
∑N
s=1±bs = 0 (including, in particular, the trivial case
of all bs = 0).
There are also other potential applications which are worth of further study. The
existence of the supersymmetric F1, F3, F5 branes representing orthogonal intersections
of 4, 3 and 2 F7-branes which have, respectively, 4,8 and 16 supersymmetries, may pro-
vide a new tool for “brane-world” model building. The dual NS-NS string models are
also of interest in this context, being, in some respects, continuous-parameter analogs of
non-compact orbifolds. The breaking of supersymmetry, and thus the splitting between
fermion and boson masses in “parallel” dimensions here is controlled by a number of con-
tinuous parameters bs. Putting standard D-branes in these NS-NS backgrounds may lead
to new examples (in addition to branes on orbifolds and conifolds) of supergravity duals of
non-conformal gauge theories with reduced amount of supersymmetry. We discuss some
relevant solutions in Appendix.
An interesting problem is to understand the structure of the world-volume theory,
corresponding, in particular, to the most interesting case of the R-R F3-brane. While
the standard supersymmetric p-branes (supported by delta-function sources that can be
put anywhere in transverse space) are parametrized by harmonic functions decaying at
infinity, have finite mass (or charge) density and can be BPS-superposed, this is not so for
the above R-R Fp-branes. The latter are, in fact, more analogous to fractional Dp-branes
or D(p+q)-branes wrapped on q-cycles which are supported by smooth fluxes instead of
delta-functions and are localized in transverse space (cf. [31]; see also [16] for related
discussion).
One may argue that the breaking of 3/4 of supersymmetry should imply the presence
of 24 fermionic collective coordinates in the 1+3 dimensional world-volume theory. Since
17 Here the evolution is caused by unstable fluctuation modes in the supergravity multiplet
itself. This is different from the case discussed in [21].
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the F3-brane brane cannot move freely in the transverse 6-space (being the intersection of
the three F7-branes it is pinned down at r1 = r2 = r3 = 0) the translational symmetry
breaking should not produce goldstone bosons, but the breaking SO(6) → U(1)3 of the
rotational symmetry in transverse directions should give 15-3=12 massless scalar bosons
on the brane. The expected N=2, d = 4 world-volume supersymmetry (corresponding to
8 preserved supercharges) can be realized by arranging these degrees of freedom into the
3 hypermultiplets (the numbers of on-shell modes do match: 12 × 24 = 12), in agreement
with a discrete symmetry interchanging the 3 planes.18 The matching between bosons and
fermions is also consistent with the expectation that there should be no additional vector
gauge bosons on the F3-brane (the only non-trivial R-R flux is associated with the 1-form
field having scalar gauge parameter).19
While the standard or fractional Dp-branes have “dual” open-string description in flat
space (which gives an alternative way to determine the structure of massless modes on the
brane) an existence of a similar description for the supersymmetric Fp-branes remains an
open question. In general, it would be interesting to study the open superstring spectrum
and possible D-brane configurations in the flat NS-NS backgrounds (2.1). For example, one
can place a Dp-brane along parallel directions xi. The corresponding open-string CFT is,
in principle, straightforward to solve explicitly. The corresponding supergravity solution
is also readily constructed and is discussed in Appendix.
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Appendix A. D3 branes with reduced supersymmetry
Here we construct D3 branes with reduced supersymmetry by adding magnetic fluxes
in several planes of the transverse 6-space as in (2.1).20
18 One may use instead of (2.17) a more symmetric form of the supersymmetry condition
b1 + b2 + b3 = 0 to make this Z3 symmetry manifest.
19 Note also that there is no quantized number that could be associated with a rank of a
non-abelian gauge group – the parameters bs are continuous.
20 Solutions of this type in the N = 1 case where there is no supersymmetry were discussed in
[17].
20
As a first example, consider a D3 brane with transverse space R2×R2×R2. Suppose
one of the 3 “parallel” coordinates x3 = y is compact with period 2πR. Starting with the
standard D3-brane solution and making formal coordinate redefinition ϕs → ϕs+bsy which
mixes y with angles in the three transverse planes, we get a new, globally-inequivalent,
type IIB solution with F5 having the standard self-dual form, dilaton being constant, and
the following metric
ds210B = H
−1/2
[− dt2 + dx21 + dx22 + dy2]+H1/2
3∑
s=1
[
dr2s + r
2
s(dϕs + bsdy)
2
]
. (A.1)
Here H ≡ h(r1, r2, r3, ϕ1 + b1y, ϕ2 + b2y, ϕ3 + b3y), where h(r1, r2, r3, ϕ1, ϕ2, ϕ3) is the
original harmonic function on the transverse R6 space. For example, if one starts with the
standard spherically-symmetric D3-brane, then
H = h = h0 +
L4
(r21 + r
2
2 + r
2
2)
2
. (A.2)
Alternatively, one may choose, for example, H = h =
∑3
s=1 as log
rs
r0s
. If the theory
in the absence of D3-brane (H = 1) is supersymmetric, i.e. bs satisfy (2.17), then this
solution preserves 1/8 of maximal type IIB supersymmetry. Indeed, the conditions (2.18)
viewed as restrictions on a 6-d spinor, i.e. (I − γ4567)ǫ0 = 0, (I − γ4589)ǫ0 = 0 should be
supplemented by the D3-brane condition [32] (I−iγ456789)ǫ0 = 0.21 These are equivalent to
γ45ǫ0 = iǫ0, γ67ǫ0 = −iǫ0, γ89ǫ0 = −iǫ0, implying that 1/8 of maximal supersymmetry is
preserved. This suggests that the corresponding world-volume 3-d gauge theory (assuming
we compactify in y) should have four unbroken supercharges.
Consider the choice of h0 = 0, i.e. H =
L4
(r2
1
+r2
2
+r2
2
)2
. In the UV region where all ri
are large the metric will factorize into AdS5 with its S
1 direction y being “mixed” with
ϕs coordinates of S
5.22 One thus obtains a supergravity solution which should be dual to
SYM theory with 0, 4, or 8 unbroken supersymmetries, depending on the values of bs. The
gauge theory (IR RG flow) interpretation of this background remains to be investigated.
A different D3-brane solution can be obtained by starting with the standard D2-brane
solution with the transverse 7-space being flat “twisted” S1×R2×R2×R2 space (a similar
D4-brane solution is given explicitly below). If the corresponding harmonic function H is
21 Here we use the indices 4,...,9 for the transverse directions, γk are 6-d Dirac matrices, and
ǫ0 is the 6-d part of the constant factor of the Killing spinor.
22 We are grateful to I. Klebanov for suggesting this possibility and pointing out a relation to
the work of [33].
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chosen to be ϕs-independent, then one may do T-duality in y (cf. (3.19),(3.20)), obtaining
a D3-brane background which is similar to (A.1) at small rs. In general, it will have an
extra factor of f−1, f ≡ 1 + b21r21 + b22r22 + b23r23 in front of dy2, with extra B2 field and the
dilaton e2φ−2φ0 = f−1 as in (3.20). This is a particular case of the solutions obtained in
[33].
One may also consider a D3-brane solution with the transverse 6-space being a product
of a line R (or a circle) with the N = 2 twisted version of R2×R2×S1. The corresponding
d = 4 gauge theory on the brane will have N=2 supersymmetry. Even though the dilaton
here is constant, for a logarithmic choice of the corresponding harmonic function, this
background may be reflecting (as in the orbifold examples in [34]) the running of the N=2
gauge theory coupling with scale.
The T-dual to this D3-brane is a D4-brane solution with twisted R2 ×R2 × S1 as the
5-d transverse space. It has the form
ds210A = H
−1/2
[− dt2 + dx2i ]+H1/2[
2∑
s=1
(
dr2s + r
2
s(dϕs + bsdy)
2
)
+ dy2
]
, (A.3)
e2φ = H−1/2 , F4 = ∗(dH−1 ∧ dx0 ∧ ... ∧ dx4) ,
where H = H is a harmonic function in R4 with ϕs → ϕs + bsy, in particular, H =
H(r1, r2). For b1 = b2 the corresponding world-volume theory should have N=1, d = 5
supersymmetry.
Analogous solutions can be also obtained by starting with the 11-d M5-brane back-
ground with the transverse 5-space R2 × R2 × R being mixed with a compact “parallel”
coordinate y (i = 1, ..., 4)
ds211 = H
−1/3
[−dt2+dx2i +dy2]+H2/3[dr21+r21(dϕ1+b1dy)2+dr22+r22(dϕ2+b2dy)2+dz2]
(A.4)
Here H = H(r1, r2) is again the corresponding harmonic function. Dimensional reduction
in y gives a generalized type IIA D4-brane solution with a R-R F2 flux in the two transverse
planes
ds210A = f
1/2
(
H−1/2
[− dt2 + dx2i ]+H1/2[dr21 + r21dϕ21 + dr22 + r22dϕ22 + dz2
− Hf−1(b1r21dϕ1 + b2r22dϕ2)2
])
, (A.5)
e2φ = f3/2H−1/2 , A1 = Hf
−1(b1r
2
1dϕ1 + b2r
2
2dϕ2) , f = 1 +H(b
2
1r
2
1 + b
2
2r
2
2) .
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By T-duality in x4, we can also get another D3-brane solution with dilaton e
2φ = f(r1, r2).
Dimensional reduction of (A.4) along x4 gives a D4 brane solution of type IIA super-
gravity with the metric
ds210A = H
−1/2
[−dt2+dx2i+dy2]+H1/2[dr21+r21(dϕ1+b1dy)2+dr22+r22(dϕ2+b2dy)2+dz2] ,
(A.6)
and the dilaton e2φ = H−1/2. For the harmonic function being ϕs and z independent, e.g.,
H = L
2
r2
1
+r2
2
, this solution should provide a dual description to SYM in 3+1 dimensions,
with the number of unbroken supersymmetries N = 0 for generic bs, or N = 2 for b1 = b2.
It would be interesting to study further the low-energy gauge theories corresponding
to these solutions (see in this connection [33]).
23
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